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Abstract 
The establishment of a coupled numerical 
model that enables us to simulate spherulite 
formations and their mechanical behavior 
continuously for crystalline polymers is our 
ultimate goal. In this paper, we focus our 
attention on the formation process of spherulite 
and the establishment of a spherulite growth 
model. As a numerical model, the phase-field 
method is employed here. In the crystallization 
process of polymers, viscosity and supercooling 
play an important role in the formation of 
microstructures. Here, we introduce the 
viscosity effect as the degree of molecular 
alignment at the solid-liquid interface. In this 
model, we employ three order parameters: 

phase field, which distinguishes between solids 
or liquids; crystallographic orientation, which 
characterizes the growth direction of lamellae; 
and temperature. The effects of viscosity and 
super cooling on the formed microstructural 
morphology are investigated by performing a 
series of numerical simulations. 
 
Keywords  
Spherulite, Solidification, Phase-Field Method, 
Polymer, Lamella 
 
1 Introduction 
To enable the wide use of semi-crystalline 
polymers as structural materials, it is 
indispensable to establish a numerical model 
that can predict the macroscopic mechanical 
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behavior taking their microstructures into 
consideration. Tomita and Uchida [1], who are 
members of our group, have proposed a 
multiscale model relating the micro- to 
mesoscopic deformation behaviors of 
semi-crystalline polymers in 2D problems. 
Furthermore, they have generalized their 2D 
model to a 3D model in order to represent the 
3D structure of lamellae within a spherulite [2]. 
Although, as mentioned above, sophisticated 
multiscale models have been developed, the 
initial spherulite morphology with a radial 
arrangement of thin lamellae is the input data 
and is assumed when performing the 
simulation. The deformation properties of 
structural polymers are intimately related to the 
crystallized morphology [3], which changes 
from a single crystal to the spherulite structure 
with increasing supercooling [4], and the 
spherulite is classified into different types 
depending on the crystallization temperature 
[5]. Therefore, in order to perform a more 
comprehensive investigation considering the 
difference in the microstructure, it is crucial to 
establish a coupled numerical model of the 
mechanical properties and the morphological 
formation. 
Surprisingly few numerical studies have so far 
been carried out on spherulite formation 
considering the microstructure, although there 
have been many studies on crystallization 
kinetics based on the JMAK model [6,7]. 
Raabe [8] performed a mesoscale simulation of 
spherulite growth using a cellular automaton. 
However, the results were limited to the 
evaluation of crystallization kinetics. Kyu et al. 
[9, 10] developed phase-field models for 
crystalline polymers with simple shapes. Very 
recently, Mattozzi et al. [11] simulated the 
formation of a spherulite-like structure by a 

lattice Monte Carlo based a random walk. 
Although this model includes lengthening, 
branching and twisting of the lamellae and a 
visually accurate 3D spherulite structure is 
reproduced, the model includes many 
assumptions. Granasy et al. [12] successfully 
applied a phase-field model for polycrystalline 
solidification to the simulation of various 
complex morphologies including spherulite. 
However, their results were restricted to 
metallic alloys. 
Our ultimate goal is to construct a coupled 
numerical model that can simulate the 
morphology formation and the mechanical 
properties continuously. In this paper, we 
derive a phase-field model for polymer 
spherulites by generalizing the model proposed 
by Granasy et al. [12].  
    
2 Spherulite  
Figure 1 shows the hierarchical structures in a 
polymer. The spherulite shown in (b) is 
composed of fibrous ribbons growing outward 
from the center along the b-axis and its 
branching or secondary nucleation. The fibrous 
ribbon (c) is a two-phase material, consisting 
of a crystalline lamella and an amorphous layer, 
that grows with twisting and branching. The 
lamella has dominant (fold surface) and 
slower-growing fronts (lateral surface), as 
illustrated in (d).  
Although using the multiscale model for 
mechanical behavior [2], it is possible to treat 
all the structures shown in Fig. 1, in this study, 
we aim to treat the structures shown in Figs. 1 
(a) and (b) because of the restriction to 2D. The 
anisotropic interface energy is closely related 
to spherulite formation [13]. To simulate the 
spherulite morphology, the anisotropic growth 
and branching of lamellae are introduced to the 
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(1) 
(3) 

numerical model presented here. 
 

 
Figure.1  Hierarchical structures in polymer,  

(a) crystallizing texture, (b) spherulite,      
(c) twisting lamella and (d) chain folding 

structure. 
 
3 Phase-Field Model 
In order to develop the phase-field model of 
the super cooling solidification of pure 
polyethylene, we develop our model from the 
following free energy functional [14]: 
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where � is a phase field that equals zero in 
the liquid phase and unity in the solid phase, T 
is temperature, � is the normalized 
crystallographic orientation with the interval [0, 
1] and ����is the gradient coefficient 
depending on the angle  between the interface 
normal and the x-axis. f(�����is the free energy 
density in bulk polyethylene, and we employ a 
normal double well type function: 
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where W is the barrier height, fsol (T) and fliq (T) 
are the free energy densities inside the solid 
and liquid respectively, and we use the free 
energy difference fsol(T)-fliq(T)=L(T-Tm)/Tm as a 
driving force. p(���and q(�� are the energy 
interpolating function and the double well 
function, respectively, and we employ 
p(���
���(10-15������) and q(���
���(����).  
In Eq. 1, the third term represents the excess 
free energy density due to the presence of 
misorientation at the solid-liquid interface and 
the grain boundary. This term enables us to 
simulate the branching phenomenon of the 
fibrous ribbon or secondary nucleation. Here, s 
is a positive constant that determines the 
amount of excess energy due to the 
misorientation. g(����is a monotonically 
increasing function satisfying g(1) = 1 and  
g(0) = 0 to eliminate the misorientation effect 
in the liquid phase, and we choose 
g(���
���(10-15������). 
The interface energy between the fold surface 
of the lamella and the super cooled melt is 
almost one order greater than that of the lateral 
surface [13]. Such a large difference in 
interface energies is modelled by adopting the 
following equations for the gradient 
coefficient: 

 

 
where 

�
�

�
�

�



)(

)(
)(

2

1

�

�
�

(for 2�i�k+�m � �����/k   
� 2��i+1)�k+�m)      
(for 2�i�k-�m � �����/k  
� 2�i�k +�m), 



M. Asanishi, T. Takaki and Y. Tomita / AES – ATEMA’ 2007 International Conference,  
Montreal, Canada, August 06 -10, 2007, pp. 195 - 203 

 
 

© AES-Advanced Engineering Solutions (Ottawa, Canada) 
All rights are reserved 

 

198 

(6) 

(8) 

(4) 

(5) 
� �

� � � �.cos
cos

)(

2cos1
1

)(

1
2

1

�
�

����

�� 
 

��

�
�




�
�

�
�
�

�

!
"
#

�
�
�

$
%
&

'
(
) ��

�



m

m

k
k

  

Here,  ��is the strength of anisotropy, k is the 
anisotropic mode, �  is a constant and �m is 
the first missing orientation angle. If  ��*���k2-1), 
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������for all +�
The time evolution equations for �����and T are 
obtained as follows: 
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where t is time, .��is the thermal diffusivity and 
c is the specific heat. M� and M�� are the 
mobilities of the phase field � and orientation �, 
respectively. The mobility M� determines the 
crystallization rate and is derived from the 
kinetic theory [8]. The mobility M� is related to 
the rotational diffusion, which is a function of 
viscosity. Both mobilities depend on 
temperature, and the ratio M��M�� determines 
the degree of second nucleation, or branching. 
By considering the 1D equilibrium condition at 
T = Tm and the steady growth condition, we can 
obtain the following relations for the interface 
thickness /, interface energy 0 and the constant 
interface velocity V: 
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where 1 is a minimum value of � in the 
interface region, such as 1�
�0+�+�Although 
from Eq. 10, the interface energy changes with 

the misorientation angle ��, the 

misorientation dependence on the interface 
energy 0��is eliminated by setting a small value 
of s. Then, from Eq. 7, the constant s relates 
only to the rate of reorientation at the 
solid-liquid interface. 
 
4 Numerical Simulation 
First, the effects of super cooling and viscosity 
on the solidification morphology are 
investigated by performing the simulation of 
super cooling solidification. Since, however, 
the growth rate of the polymer is known to be 
much slower than that of thermal diffusion, to 
carry out the super cooling solidification 
simulation with high accuracy, we need a very 
large computational time. Therefore, using the 
hypothetical material constants, we perform a 
qualitative investigation. Second, in order to 
perform a more realistic simulation of polymer 
spherulite formation, we conduct the 
simulation under an isothermal condition. 
We use an explicit finite difference scheme to 
solve the governing equations. Periodic 
boundary conditions are applied to a square 
computational region. The initial distributions 
of the orientation are random in the range [0, 1] 
in both the liquid and the nucleus [12].  
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5 Super-cooling Solidification 
5.1  Effects of super-cooling and viscosity 
In order to qualitatively investigate the effects 
of super cooling and viscosity, i.e., the ratio 
M���M��, on the morphology. We perform the 
super cooling solidification simulation using 
assumed material constants. Here, we use the 
following parameters:�2x =�2y = 10 nm, 
/�
�32x = 40 nm,�0�= 0.3 J/m2,  ��
�0.03, �  = 

1.280 10-4 (J/m)0.5, W = 9.888 107 J/m3 and 

M��= 6.327 m3/Js. The computational domain is 

set to be 4 4 4m = 400 2x 400�2y (400 400 

grid).�
Figure 2 indicates the effect of the driving 
force, or super cooling, on the morphology for 
M���M� = 10. Here, 2 is the degree of 
normalized super cooling defined by (Tm - 
Ti)/Tm. In the case of small 2, the crystal 
morphology becomes dendritic in shape, as 
shown in Fig. 2 (a), because of the 
diffusion-controlled process. In the case of 
large 2, it is observed that the crystal is circular, 
as can been seen in Figs. 2 (b) and (c). 
Furthermore, from Fig. 2, we can see finer 
microstructures with increasing driving force, 
because the crystallization rate becomes faster 
than the rotational one. 
Figure 3 shows the effect of the ratio M���M� on 
the morphology for 2 = 1.0. It is observed that 
thicker and longer crystals grow within 
spherulite with increasing M���M�+� In other 
words, when M���M� becomes smaller than a 
certain critical point, the growing front has 
difficulties in incorporating the same 
crystallographic orientation and generates a 
second nucleation. The disordered distributions 
of the crystallographic orientation along the 
growing front cause the formation of a circular 

morphology, as shown in Fig. 3 (a), regardless 
of the anisotropic interface energy.  
It can be concluded from the above numerical 
results that the shapes of the morphology and 
microstructures within the spherulite are 
largely dependent on the ratio of the 
crystallization rate to the rotational one, i.e., 
the ratio M���M�. 

 

 
Figure.2  Effects of driving force on 

morphology and microstructure for 2 =     
(a) 0.8 (t = 0.32 4sec), (b) 0.9 (t = 0.19 4sec) 

and (c) 1.0 (t = 0.15 4sec). 
 

 
Figure.3  Effects of mobility ratio on 

morphology and microstructure at t = 0.15 4sec 
for M���M� = (a) 100, (b) 200 and (c) 300. 

 
5.2  Polymer spherulite 
In this section, we discuss the typical spherulite 
formation of the polymer, as shown in Fig. 4. 
Experimental studies [15] have shown that the 
early stage of polymer spherulite growth is the 
formation of a bundle of lamellae, as shown in 
Fig. 4. The growth fronts that induce secondary 
nucleation lamellae split and branch. The 
branching of lamellae brings about the 
conversion into ribbon-shaped crystals, such as 
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those in Fig. 4. The morphology eventually 
becomes that of the spherulite by the space 
being filled with the branched lamellae. 

 

 
 

Figure.4  Spherulite growth sequence. 
 

 
 

Figure.5  Calculated morphologies with high 
interface anisotropy for M���M� = (a) 100,   

(b) 200 and (c) 300. The left diagram is the 
phase field, and the right is orientation. 

 

Figure 5 illustrates the crystal growth in the 
case of the high anisotropic interface energy of 
 ��
�0.8+���he anisotropic mode is employed as 
k = 2 to represent the lamellae growth. As 
shown in Fig. 5, when a tip of a growing 
lamella absorbs the orientational defects into 
the growth front, it changes its growing 
direction. Furthermore, it can be observed that 
as the ratio M���M��decreases, the branching at 
the liquid-solid interface occurs more 
frequently and results in the polycrystalline 
morphology with fine grains. 
On the basis of the surface nucleation model 
[13] proposed by Hoffman, the growth mode of 
the polymer is categorized into three regimes, 
i.e., regimes I, II and III. Each regime is 
determined by the ratio of the secondary 
nucleation rate to the crystal growth rate at the 
chain folding surface. With increasing rate, a 
transition from regime I to regime III occurs. 
Under the condition in regime I, the lamellae 
preferentially grow as shown in Fig. 5 (c). In 
regime III, a lot of secondary nuclei are 
generated and disordered crystal growth is 
observed, as shown in Fig. 5 (a). Although it 
seems that the condition shown in Fig. 5 (b) is 
that of regime II, the calculated morphology is 
different from that shown in Fig. 4. Next, we 
perform the same simulation for  M���M� = 
230, but the computational domain is changed 

to 6 6 4m (600 600 grid). In the early growth 

process, the crystal is thread- shaped, as shown 
in Fig. 6. Secondary nucleation brings about 
splitting and branching lamellae, and finally 
the spherulite shown in Fig. 4 is formed. It is 
concluded that the formation process of this 
polymer spherulite requires both the 
needle-shaped lamellae growth and the 
secondary nucleation or, branching. 
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Figure.6  The occurrence of spherulite with 
branching lamellae at t = (a) 0.036, (b) 0.99,  

(c) 0.144, (d) 0.198 and (e) 0.252 4sec. 
 

6 Isothermal Solidification 
In the previous section, the spherulite 
formation simulation of the supercooling melt 
is performed using the assumed parameters to 
qualitatively investigate the effects of the 
solidification conditions on the formed 
morphology. In this section, in order to enable 
a more realistic simulation of the spherulite 
formation of the polymer, we perform the 
simulation under isothermal conditions in 
which the experimental studies were carried 
out [5]. By assuming isothermal conditions, it 
is not necessary to solve Eq. 8, and the 
computational effort can be reduced. We use 
the following parameters: 0��= 0.1 J/m2, 2x = 

2y = 10 nm, /��
�42x = 40 nm, � = 7.390 10-5 

(J/m)0.5, W = 3.296 107 J/m3, Tm = 418.7 K [13], 

and M� �= 4.087 10-7 m3/sJ. The value of 

M���is determined by assuming V = 0.1 4m/s 
[8] and T = 412 K from Eq. 11. Here, the 
numerical results for isotropic interface energy 
are indicated. 
Figure. 7 shows the effect of the mobility ratio 
on the morphology and microstructure. It is 
found that we obtain equivalent results to those 
shown in Fig. 3. 
Figure 8 shows a time sequence showing the 
growth of the number of spherulites. The 

domain is set to be 12 12 4m (1200 1200 

grid) and M��M���= 60. Twelve nuclei are 
generated simultaneously initially (site 
saturated nucleation model). All nuclei grow 
and impinge on the neighbor spherulites. 
Finally, the whole space is filled with the 
spherulite morphologies. Although these results 
are for the isotropic interface energy, the 
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obtained morphology is very similar to 
experimentally observed results, e.g., Fig. 1 of 
Ref. [16].   

 
Figure.7  Spherulite morphology at t = 25 s 

for M���M��= (a) 20, (b) 40 and (c) 60 
 

 
Figure.8  Spherulite growth sequences t =  

(a) 5, (b) 15, (c) 25, (d) 35, (e) 45 and (f) 55 s. 
 
7 Conclusions 
A phase-field model for polymer spherulite 
growth has been established by generalizing 
the model proposed by Granasy et al. [12]. By 
performing a series of simulations, it is 
clarified that the driving force of solid-liquid 
interface migration and the viscosity, which 
control the crystallization and rotation of 
crystal orientation, are dominant factors that 
determine the morphology and microstructure. 
Furthermore, it is confirmed that, in order to 
reproduce the typical spherulite growth process, 
a high anisotropy, which creates the 
needle-shaped crystals and the secondary 
nucleation are required. Finally, a simulation 

under the isothermal condition was carried out 
using realistic material parameters of the 
polymer, which provides a spherulite 
morphology similar to experimentally observed 
results. 
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